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Abstract. We give new proofs computing the asymptotic densities for orbits of the arithmetic
Hecke triangle groups Γq when q = 4 and q = 6. We use elementary number theory techniques
along with basic properties of the Möbius function and Riemann zeta function with additional
congruence conditions. This note actually came about by observing that, in the q = 4 case, the
underlying congruence condition partitions the set of coprime integer pairs into three classes of
equal density.

1. Introduction

Let SL(2,R) or SL(2,Z) denote the space of 2× 2 matrices with determinant 1 and entries in R
or Z. We consider the Hecke triangle groups Γq < SL(2,R) for integers q ≥ 3 generated by

Γq =

〈(
0 1
−1 0

)
,

(
1 λq

0 1

)〉
,

where λq = 2 cos(π/q) [LL16]. The orbit Γqe1 is always a discrete subset of R2 [Dal12, Theorem 3.2].
When q = 3, Γ3 = SL(2,Z) so Γ3e1 ⊆ Z2. In fact, the determinant 1 condition implies the orbit
Γ3e1 is the set of primitive integers,

Z2
prim =

{(
a
b

)
∈ Z2 : gcd(a, b) = 1

}
.

While Γ3e1 is well understood, the purpose of this paper is to describe the distribution of Γqe1 over

the Euclidean plane when q = 4 and q = 6, in which λq =
√
q/2. (See Figure 1.)

(a) q = 3 (b) q = 4 (c) q = 6

Figure 1. The orbits of Γqe1. For q = 3 we obtain the primitive integer lattice. For
q = 4 and q = 6 the points are of the form (a, bλq) and (aλq, b), which we indicate
by dark blue and light red, respectively.

2020 Mathematics Subject Classification. 11A25, 11F06, 11N37, 11P21.
Key words and phrases. Hecke triangle group, primitive integers, asymptotic density, Euler summatory function,

Gauss circle problem, nonuniform lattice orbits.

1

ar
X

iv
:2

60
7.

22
14

2v
1 

 [
m

at
h.

N
T

] 
 2

4 
Ju

l 2
02

6

https://arxiv.org/abs/2607.22142v1


2 FAIRCHILD AND HANUSA

The study of the distribution of the primitive integer lattice is a venerable problem going back to
the time of Gauss. The primitive Gauss circle problem is concerned with determining the error term
when counting pairs of primitive integers in the disk B(R) centered at the origin with radius R,

#{Z2
prim ∩B(R)} ∼ 6

π2
πR2,

where f(R) ∼ g(R) means limR→∞ f(R)/g(R) = 1. Determining the error term is part of the
study of the geometry of numbers; a proof of the asymptotic density, first given by Gauss, is seen
for example in [OLD00, Section 4.1]. While the error term of density depends on the shape of the
region, the main term does not [Apo98, Theorem 3.9]. As such, by choosing the square [−R,R]2

as our boundary, the asymptotic density is the same:

lim
R→∞

#{Z2
prim ∩B(R)}
πR2

= lim
R→∞

#{Z2
prim ∩ [−R,R]2}

4R2
=

6

π2
.

Changing the shape of the boundary allows us to prove density results.
Our focus is to understand what happens when discrete subsets of the plane are not necessarily

part of a lattice, namely the subsets Γqe1 for q = 4, 6. The following theorem is our main result.

Theorem 1.

lim
R→∞

#{Γ4e1 ∩ [−R,R]2}
4R2

=
4
√
2

π2
and lim

R→∞

#{Γ6e1 ∩ [−R,R]2}
4R2

=
3
√
3

π2
.

Proof. Figure 1 provides the intuition for how we prove Theorem 1. When q = 4, 6, the points in
Γqe1 partition nicely into two symmetric sets Cq and Dq given explicilty in Proposition 2 below.
Furthermore, Corollary 6 at the end of Section 2 proves that

lim
R→∞

#{Cq ∩ [−R,R]2}
4R2

= lim
R→∞

#{Dq ∩ [−R,R]2}
4R2

=
6

π2

λq

λ2
q + 1

,

from which Theorem 1 holds. □

Proposition 2. Let q = 4, 6. The set Γqe1 partitions into the two sets

Cq =

{(
a
bλq

)
:

(
a
b

)
∈ Z2

prim, a ̸≡ 0 mod λ2
q

}
and Dq =

{(
aλq

b

)
:

(
a
b

)
∈ Z2

prim, b ̸≡ 0 mod λ2
q

}
.

Proof. By [LL16, Remark 3.9], columns of Γqe1 are of the form (a, bλq) with gcd(a, bλ2
q) = 1 or

(aλq, b) with gcd(aλ2
q , b) = 1 for a, b ∈ Z. We define Cq to be the set of vectors of the first form and

Dq to be the set of vectors of the second form. Since λ2
q is prime, gcd(a, bλ2

q) = 1 is equivalent to

the conditions that gcd(a, b) = 1 and a ̸≡ 0 mod λ2
q , which establishes our characterization of Cq.

Our characterization of Dq follows by symmetry. □

This work features congruences modulo the prime numbers λ2
q = q/2 = 2 and 3. In Section 2,

the results to obtain Corollary 6 are proven in full generality for all prime numbers. This leads to
Corollary 4, an asymptotic density result about which primitive pairs occur in both Cq and Dq.
Finally, Section 3 concludes with some questions for future study.

We now discuss connections to previous work. The groups Γq for q = 3, 4, 6 are the only
arithmetic Hecke triangle groups [Tak77]. Studying their number-theoretic properties is an active
area of research, for example, in extreme value theory for q = 3 [Pol09], Diophantine approximation
for q = 4 [BKL25], and spectral theory for q = 6 [CKS26].

Furthermore, each Γq forms a discrete subgroup of SL(2,R), which is a nonuniform lattice.
Nonuniform lattice orbits were the primary objects of study in the papers [Vee89, Vee98] motivated
by the study of translation surfaces (see [AM24]). The state of the art for asymptotic counting
estimates on nonuniform lattice orbits uses analytic number theory techniques [BNRW20, BFC22].
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In both of these situations, the main leading term is obtained through computing the co-volume.
In contrast, in this article we rely on the density of the primitive integers and use scaling factors.

2. Computing Densities

In this section, we prove the asymptotic density of the sets Cq and Dq from Proposition 2. To
do so, we note that for q = 4, 6, p = q/2 is a prime number. We will prove results featuring
congruences modulo any prime number, and explore the scaled sets

C ′
p =

{(
a
b

)
∈ Z2

prim : a ̸≡ 0 mod p

}
and D′

p =

{(
a
b

)
∈ Z2

prim : b ̸≡ 0 mod p

}
.

Figure 2 provides a visualization of these sets along with their intersection

E′
p =

{(
a
b

)
∈ Z2

prim : a, b ̸≡ 0 mod p

}
.

The blue circles with vertical dashes are the elements of C ′
p \ E′

p, the red circles with horizontal
dashes are the elements of D′

p \ E′
p, and the purple circles with crosses are the elements of E′

p.
We want to understand the asymptotic densities of subsets of primitive integers subject to

modular constraints, which motivates the following.

Lemma 3. Let α, β ∈ (0, 1]. Let p be prime and let a0 be an integer 1 ≤ a0 < p

(1) lim
R→∞

1

R2
·#

{
(a, b) ∈ Z2

prim ∩ [0, αR]× [0, βR] such that

a ≡ a0 mod p and b ̸≡ 0 mod p

}
=

6

π2
· αβ

p+ 1

Proof. Set

P (R) = #

{
(a, b) ∈ Z2

prim ∩ [0, αR]× [0, βR] such that

a ≡ a0 mod p and b ̸≡ 0 mod p

}
.

Recall the Möbius function satisfies
∑

d|n µ(d) = 1 exactly when n = 1, and otherwise is zero.

Therefore, ∑
d∈Z

d|a,d|b

µ(d) =

{
1 if gcd(a, b) = 1

0 if gcd(a, b) > 1

}
,

(a) p = 2 (b) p = 3

Figure 2. The positive primitive pairs (a, b), shaded dark blue with vertical dashes
when (a, b) ∈ C ′

p, shaded light red with horizontal dashes when (a, b) ∈ D′
p, or shaded

purple with crosses when (a, b) is in C ′
p ∩D′

p.
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which allows us to write
P (R) =

∑
1≤a≤αR
1≤b≤βR

a≡a0 mod p
b̸≡0 mod p

∑
d∈Z

d|a,d|b

µ(d).

We now want to interchange the order of the finite sum. Rewrite a = dx and b = dy for integers
x, y, where the bounds become 0 ≤ x ≤ αR

d and 0 ≤ y ≤ βR
d . Since neither a nor b is divisible

by p, this implies each d contributing to the sum satisfies gcd(d, p) = 1. Moreover this implies d is
invertible modulo p giving the congruence conditions x ≡ a0d

−1 mod p and y ̸≡ 0 mod p. Thus, we
have rewritten the sum to be

P (R) =
∑

d≤min{αR,βR}
gcd(d,p)=1

µ(d) ·#
{
1 ≤ x ≤ αR

d
: x ≡ a0d

−1 mod p

}
·#

{
1 ≤ y ≤ βR

d
: y ̸≡ 0 mod p

}
.

The number of integers with a fixed congruence class modulo p is exactly 1/p of the integers, up
to an error term of whether or not αR

d is an integer. Thus,

#{1 ≤ x ≤ αR

d
: x ≡ a0d

−1 mod p} =
αR

pd
+O(1)

and

#{1 ≤ y ≤ βR

d
: y ̸≡ 0 mod p} =

βR(p− 1)

dp
+O(1).

As a consequence,

(2) P (R) =
αβ(p− 1)

p2
R2

∑
d≤min{αR,βR}

gcd(d,p)=1

µ(d)

d2
+O

(
R

d
+ 1

)
.

To compute the sum, recall the identity with the Riemann ζ function∑
d≥1

µ(d)

d2
=

∏
t prime

(
1− 1

t2

)
=

1

ζ(2)
=

6

π2
.

The coprime condition removes the prime p so the sum evaluates to

(3)
∑
d≥1

gcd(d,p)=1

µ(d)

d2
=

6

π2

p2

p2 − 1
.

Since the sum in Equation (2) converges, for fixed R the value in Equation (3) is the leading term
with error O(1). Moreover

∑
d≤R

1
d = O(log(R)) and

∑
d≤R 1 = O(R), so

P (R) =
6

π2

αβ

(p+ 1)
R2 +O(R log(R)),

from which Equation (1) follows. □

Lemma 3 allows us to compute formulas for the asymptotic densities for C ′
p and D′

p but also
their intersection E′

p. In these calculations we now expand our domains to include negative values
of a and b.

Corollary 4. Let p be prime. The asymptotic densities for C ′
p and D′

p are

lim
R→∞

#{C ′
p ∩ ([−αR,αR]× [−βR, βR])}

(2αR)(2βR)
= lim

R→∞

#{D′
p ∩ ([−αR,αR]× [−βR, βR])}

(2αR)(2βR)
=

6

π2

p

p+ 1

and the asymptotic density for E′
p is
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lim
R→∞

#{E′
p ∩ ([−αR,αR]× [−βR, βR])}

(2αR)(2βR)
=

6

π2

p− 1

p+ 1
.

Proof. Apply Lemma 3 and sum over equal contributions from the p−1 residue classes 1 ≤ a0 ≤ p−1
to arrive at the above asymptotic density formula for E′

p. Noting the symmetry between C ′
p and D′

p

and that the asymptotic density of Z2
prim is 6/π2 implies that the asymptotic densities for C ′

p \E′
p

and D′
p \ E′

p are both 6
π2

1
(p+1) , from which the asymptotic densities for C ′

p and D′
p follow. □

Remark 5. Corollary 4 proves that when p = 2, the asymptotic densities of the blue, red, and
purple sets in the square in Figure 2(a) are the same; they each equal 2/π2.

Corollary 6. Let p = 2, 3 and q = 2p. The asymptotic densities for Cq and Dq are

lim
R→∞

#{Cq ∩ ([−R,R]2)}
4R2

= lim
R→∞

#{Dq ∩ ([−R,R]2)}
4R2

=
1
√
p

6

π2

p

p+ 1
.

Proof. Apply Corollary 4. For C ′
p, use α = 1 and β = 1/

√
p; for D′

p use α = 1/
√
p and β = 1 so

lim
R→∞

#
{
C ′
p ∩

(
[−R,R]× [− 1√

pR, 1√
pR]

)}
(2R)

(
2√
pR

) = lim
R→∞

#
{
D′

p ∩
(
[− 1√

pR, 1√
pR]× [−R,R]

)}(
2√
pR

)
(2R)

=
6

π2

p

p+ 1
.

Scaling the points in C ′
p vertically and D′

p horizontally by a factor of
√
p does not change the

number of points contributing to the numerator. Thus,

lim
R→∞

#{Cq ∩ ([−R,R]2)}
(2R)

(
2√
pR

) = lim
R→∞

#{Dq ∩ ([−R,R]2)}(
2√
pR

)
(2R)

=
6

π2

p

p+ 1
.

Corollary 6 follows directly. □

3. Concluding remarks

This work originated through an investigation into the structure of the visualizations in Figure 1.
After scaling the sets Cq and Dq and noticing the partition of the primitive pairs into three disjoint
sets, we were surprised to learn that these sets were asymptotically equinumerous. (See Remark 5.)

This leads us to ask whether other partitions of the primitive integers have structure of interest.

Question 7. What can be said about subsets or partitions of Zd
prim that are not related to congru-

ences modulo p?

Our results in Section 2 for p = 2, 3 apply to the Hecke triangle groups, although they were
proven in full generality for all primes p.

Question 8. What applications are there for Corollary 4 for p ̸= 2, 3?

Finally, we wonder what other methods might work for other arithmetic non-uniform lattices.

Question 9. Is there a class of arithmetic non-uniform lattices that lends itself to similarly ele-
mentary methods?
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